Abstract. We investigate the topological properties of spin polarized fermionic polar molecules loaded in a multi-layer structure with the electric dipole moment polarized to the normal direction by an external electric field. When polar molecules are paired by attractive inter-layer interaction, unpaired Majorana fermions can be macroscopically generated in the 2D surface layers, if their in-plane kinetic energy satisfies a certain condition. Protected by the time reversal symmetry, the resulting topological state is composed by 1D effective Kitaev ladders labeled by in-plane momentum k and −k , and belongs to BDI class characterized by the winding number Z. We further calculate the entanglement entropy, entanglement spectrum, and the critical temperature for realizing such Majorana fermions, and then discuss the signature for observing such 2D quantum degenerate Majorana fermions in the time-of-flight experiments.
Introduction
A Majorana fermion (MF) is known to be its own antiparticle [1] , as a hypothesis in theoretical particle physics. In condensed matter systems, a MF can appear as a localized edge state, reflecting the topological order (TO) in the bulk of system. It is arXiv:1707.06419v2 [cond-mat.quant-gas] 18 Mar 2018 known that systems of topological order can be classified into intrinsic TO or symmetryprotected topological (SPT) order: the latter is robust against local perturbations for a given on-site symmetries [2] . Ground states of nontrivial SPT phases cannot be continuously connected to trivial product states without either closing the gap or breaking the protecting symmetry [3] .
One of the mostly studied TO phase is proposed by Kitaev [4] for one-dimensional (1D) p-wave superconductor. The Majorana zero mode (MZM) of such system may be applied for quantum computation through braiding, and certain experimental signature has been proposed in an ordinary s-wave superconducting wire with strong spin-orbital coupling through proximity effect [5, 6, 7, 8, 9, 10, 11, 12, 13, 14] or even in systems of ultracold atoms [15, 16, 18, 19, 17] . However non-ambiguous evidence is still lacking probably due to the poor signal-to-noise ratio for a localized MZM. Recently, some extensions of Kitaev's 1D model by including inter-chain tunneling [20] , dimerization [21] , and long-ranged pairing [22, 23] have also been proposed.
In the systems of quantum gases, such inter-site pairing between fermions can be provided by the long-ranged dipolar interactions between polar molecules [24, 25, 26, 27] or neutral atoms with a large magnetic moment [28, 29, 30] . Since the inelastic scattering between polar molecules can be well suppressed by aligning dipole moments normal to the two-dimensional (2D) plane with a strong transverse confinement [31, 32, 33] , many exotic ground states have been predicted in a 2D layer [34, 35, 36, 45, 37, 38, 39, 40, 46, 41, 47, 42, 43, 44] or in a bi/multi-layer structure [45, 46, 48, 49, 50, 47] . In this paper, we proposed that quantum degenerate MFs can exist in a 2D continuous space, when spin polarized fermionic polar molecules are paired in a stack of multi-layer structure ( Fig. 1(a) ) through their dipolar interaction. Within the meanfield approximation, the system is equivalent to an ensemble of Kitaev ladders (see Fig. 1(b) ) along the vertical direction of the layer structure, labeled by a pair of in-plane momenta, (k , −k ). We show that the resulting states belong to 1D BDI class, characterized by the Z index as a winding number, when some condition is satisfied (see Eq. (10)). More importantly, bundles of topological kitaev ladders generate unpair MFs on the top and the bottom layers of the multi-layer structure, forming 2D Majorana surface states, which is protected by the time reversal symmetry in this novel system. We further calculate the entanglement entropy as well as entanglement spectrum to confirm such topological phases. From experimental point of view, the degenerate MFs can be observed through the additional short period interference fringes between MFs in the two end in the time-of-flight experiment. The critical temperature is estimated (by self-consistently solving the gap equation) to be about one-tenth of the in-plane Fermi energy. Our results suggest a new system to investigate quantum many-body properties of non-Abelian anyons in a 2D continuous space.
Our work is organized as follows: in Sec. 2 we setup a system which are loaded into a stack of 2D layers with spin polarized fermionic polar molecules. Then, by using the meanfield approximation, the system is equivalent to an ensemble of Kitaev ladders H ladd k . In Sec. 3, we show MFs can appear in H ladd k and discuss the properties of these MFs on our model. Sec. 4 discuss how winding number and entanglement spectrum can be used to identify the topological superconductor and show when topological condition be satisfied. In Sec. 5 and Sec. 6, we calculate the critical temperature and also discuss realistic experimental parameters. We conclude in Sec. 7, with a summary and short discussion. In Appendix A, we show how the unpaired MFs can be analytically obtained from the Bogoliubov-de Genne's equation, which is equivalent to a collection of Kitaev ladder in momentum space. We then explicitly show the condition for BDI class and the calculation of winding number in Appendix B. In Appendix C, we show how to estimate the number of unpaired MFs both in a translationally invariant 2D layer system and in a finite size system with a harmonic trapping potential within the local density approximation.
System Description and Effective Hamiltonian
The system setup is illustrated in Fig. 1(a) , where identical (spin polarized) fermionic polar molecules are loaded into a stack of 2D layers with interlayer spacing d and tunneling amplitude t z . The electric dipole moment is polarized perpendicular to the layer by the external field, leading to a repulsive intra-layer interaction and an attractive inter-layer interaction between molecules. The former just renormalizes the effective mass and the chemical potential [45, 52] within Landau-Fermi liquid theory, and therefore can be neglected first. Since such a system is effective three-dimensional, the meanfield BCS theory due to the inter-layer attractive interaction can be well justified. The resulting Bogoliubov-de Gennes (BdG) Hamiltonians becomes
Here c k ,j is field operator of the jth layer with in-plane momentum, k ; µ and m are chemical potential and molecule mass respectively. ∆ k = ∆ −k is the gap function between nearest neighboring layers. We can find that H ladd k ≡ H k + H −k forms a closed Kitaev ladder in momentum space, where the topological properties (if exist) are protected by time-reversal, particlehole, and chiral symmetries at the same time, and hence belongs to BDI class of AltlandZirnbauer classification [2] . Note that we can effectively consider the fermionic system to be time-reversal symmetric if initially preparing all molecules in the same hyperfine state (i.e. spin polarized [51] ). Exchange interaction between these hyperfine states can be so weak that spin states are frozen (i.e. spin polarized) during the system holding time.
Majorana Fermions at the Edge

Majorana Fermions in special case
To see how MFs may appear in H ladd k , we first consider a special case when k 2 /2m−µ = 0 and ∆ k = t z . MFs in momentum space can then be defined: γ
, with the anti-commutation relations, {γ
. After a some algebra, we obtain (see Appendix A)
where the ladder becomes two decoupled chains with two MFs missed at each end (see Fig. 1 
±k ,1 for the bottom layer (j = 1), and γ (2) ±k ,L for the top layer (j = L). One can easily construct two "real" MFs in each layer by definingγ
which is its own anti-particle: γ
From above analysis, as discussed in Kitaev's seminar work [4] , even for ladders with k 2 /2m = µ or ∆ k = t z , we can still diagonalize H k ,j (a = 1, 2), and satisfies {γ
±k ,l=1/L near the bottom/top layer (now the index l is the layer index) can be still retained when a certain condition is satisfied (see Eq. (10) below).
Stability of Majorana surface modes under time-reversal symmetry
We then show that the unpaired MFs obtained from the Kitaev ladder are stable against recombination due to a general perturbation under time-reversal symmetry (TSR) and in-plane parity symmetry (PS).
The most general single particle perturbation on these unpaired MFs in the bottom layer (j = 1) is of the following form:
where we have redefined that all the unpaired MFs to beγ (1) k ,1 (when µ − k 2 /2m = 0 or t z = ∆ k , we just need to have some linear combination of original MFs), which satisfies the following statistics: {γ
k ,1 } = 2δ k ,−k , and has the same eigenvalue for time-reversal operation: Tγ
(1) −k ,1 can be shown to be a constant term (see below). As a result, the function A(k , k ) has to satisfied at least the following two conditions:
(1) Hermitian of H gives
because
(2) Time-reversal symmetry gives
One can see easily that the function A(k , k ) = 0 because Eq. (4) and Eq. (6) cannot be satisfied simultaneously unless zero. As for H 2 term we missed, the hermitian properties and time-reversal symmetry requires that
As the result, we find that
(1)
, which is nothing but a constant only. Note that such important consequence is resulted from the fact that ALL MFs in the bottom layer are of the same eigenvalue under time-reversal symmetry. Therefore, the system composed by single type of MFs should be stable against any single particle perturbation when the time-reversal symmetry is applied. The local disorder potential and global trapping potential belong to this quadratic form, and therefore the Majorana surface state in the system is robust against the local disorder and trapping potential within the mean-field level. Furthermore, we note that if only the disorder energy is smaller that the gap, then MFs can be protected from the scattering with the Bogoliubov quasi-particles of the superfluid in the bulk.
Finally, we note that the Kitaev ladder we discussed above is very similar to a coupled Kitaev chains in real space (see Ref. [20] for example). However, the pairing function of different chains can be in principle of different phases, making different types of MFs,γ
(1) orγ (2) , mixed in the same edge surface and hence unstable against local perturbations. However, the inter-layer pairing , ∆ k , shown in Eq. (2) must have a uniform phase due to the attractive inter-layer dipolar interaction (anti-symmetric along the chain direction). This explains why our MFs must be of the same type (same eigenvalue with time-reversal) in the same layer, ensuring the stability of the Majorana surface modes even when a local disorder or a trapping potential is included.
Condition for Majorana surface modes
To investigate the topological properties in the bulk system, we apply Fourier transform on the Hamiltonian (Eq. (1)) with the periodic boundary condition. Defining Nambu spinor,
T , we obtain,
where
Winding number
The winding number can be calculated as following [20] : (see Appendix B)
, and J ± = J 1 ± J 2 . Four poles of the integrand are given as
respectively. One can find that W k become nonzero (i.e. topological non-trivial) when the following condition is satisfied:
which is independent of the gap function as expected. This result shows that the Majorana surface modes appears when the in-plane kinetic energy is within a certain range: Max(0, µ − 2t z ) < k 2 /2m < µ + 2t z . There are two situations we can consider: First, in the 3D limit when t z > µ/2, ladders of all in-plane momenta can be topological. Under this condition, the Majorana modes occupy the whole in-plane Fermi sea. On the other hand, in the 2D limit when t z < µ/2, only those with in-plane momentum near Fermi surface are topological. We note that for these trivial ladders, the low energy excitation is actually gapped. The only possible states existing inside the superconducting gap are the Majorana modes at the edges of each topological non-trivial Kitaev ladders. In other words, the Majorana modes in the top and bottom layers are the only states inside the gap, and therefore no other gapless fermionic excitations to destabilize these them. Therefore, even though in a certain parameter regime, some ladders of certain in-plane momentum might be topological trivial and co-exist with other ladders with Majorana fermions, the latter can be still protected by the superconducting gap and therefore not affected by the former. Assuming the gap is so small that only states below Fermi energy, E F ≡ k 2 F /2m = µ, are occupied, we can show that the ratio of the total number of unpaired MFs to average number of particles in the surface layers is given by η plane = Min(1, 2t z /µ) (see Appendix C).
We note that, in principle, we can include longer-ranged pairing due to the dipolar interaction, More precisely, after z-direction Fourier transformation, the BdG Hamiltonian can be decomposed into two independent parts as the above procedure, each of which is equivalent to the Kitaev ladder with more pairing functions but still with quantum number k and −k . Therefore, including longer range interaction along the z-direction shall not change any fundamental properties of a Kitaev ladder. The longer-ranged interlayer's pairing decays so fast that there is no more twisting wavefunction.
Finally, according to Ref. [23] for the 1D Kitaev chain with dipolar interaction, the Majorana edge mode decays not exponentially but is a hybrid of exponential and powerlaw behavior. More precisely, the edge mode wavefunction |ψ(r)| 2 ∼ (1/r) 2α as r → ∞, if the pairing function decays as a power of α. In other words, for the dipolar interaction we consider (α = 3), we can safely neglect the effect of longer-ranged pairing and assume the Majorana modes are localized near the surface of the multi-layer systems.
Entanglement spectrum
Besides of the winding number, a topological phase can be also characterized by the quantum entanglement between the subsystem and the environment [53, 54, 55] . In short, given a ground state wave function |Ψ , one can calculate the reduced density matrix, ρ A , for a subsystem A by tracing over the environment (see Fig. 2(a) ). The eigenvalues λ α of the reduced density matrix is so-called "entanglement spectrum" [54] , which carries nonlocal information and has been applied for calculating Berry phase and zero-energy edge states [56] . For example, the degeneracy of the entanglement spectrum has recently implemented to characterize the topological orders for some 2D quantum Hall states [54] and for some 1D SPT phases [55] .
In Ref. [56, 57] , it has been shown that the zero energy mode of the 1D Kitaev model corresponds to the degeneracy of λ α = 1/2 in the entanglement spectrum, i.e. the pair of zero modes at the two ends of Kitaev chain contribute the maximal entanglement between the subsystem A and environment. Besides of entanglement spectrum, a topological phase transition can be also identified by the entanglement entropy of the subsystem (given by S A = −T rρ A log ρ A ) after tracing out the environment. The Hamiltonian we consider can be block-diagonal in terms of the wave number along the interface k , H = k H k , where H k is a 1D Hamiltonian for each k subspace, i.e.,
and k z takes values in the Brillouin zone.
In our case, we numerically diagonalize the block's Green's function for subsystem A with a finite size, e.g., L A = 100, of the ladder as shown in Fig. 2(a) . The numerical results converges and is independent of the choices of subsystem in the thermal dynamic limit, L L A 1. In Fig. 2(b) -(c), we show the entanglement spectra λ α and entanglement entropy S A obtained by calculating the Green's function from the effective Hamiltonian, Eq.
(1). We find that the ground state becomes topologically non-trivial (λ α = 1/2) at exactly the same regime as Eq. (10). The entanglement entropy becomes divergent when cross the boundary. These numerical results agree with the analytic calculation of the winding number, confirming the topological properties in our current system.
Critical Temperature and Momentum Distribution
Numerical results
Since the topological properties are driven by the p-wave pairing in the bulk, it is also important to investigate the parameter regime for having such topological order. Different from 1D Kitaev model, the superfluidity in our current system appears in a 3D space, where the meanfield approximation is fully justified. Therefore, we can use the standard BCS theory to obtain the 3D gap function∆ q (we set = k B = 1)
where E q ≡ ξ 2 q + |∆ q | 2 is Bogoliubov energy dispersion. Since we just consider the nearest neighboring inter-layer interaction for simplicity, the inter-layer matrix element is:
2 cos(k z d)|k |e −|k |d in the limit of zero layer width, where D is the electric dipole moment [58] . The associate number equation (to determine chemical potential self-consistently) is given by
We then numerical evaluate the gap function for a given temperature, and the chemical potential is determined by fixing the total particle number, N = k n k . In Fig.  3(a) and (b) , we show the density distribution in the momentum space at zerotemperature (T = 0). At the point(s) where the gap is closed (k z = 0, ±π/d), we can see n k = (1 − ξ k /|ξ k |)/2 has a discontinuous jump when ξ k changes its sign. More precisely, the number density jumps from unity to zero at two places: (1) at k z = 0 and |k | = k M ax ≡ 2m(µ + 2t z ), and (2) at k z = ±π/d and |k | = k M in ≡ 2m(µ − 2t z ) (see Fig.3(a) and (b) ).
As 2t z > µ, the discontinuity of n k appears only at (|k |, k z ) = (k M ax , 0), showing that all the ladders are topological and unpaired MFs covers the whole quantum number in the surface layers. In Fig. 3(c) we also show the gap function and how the critical temperature changes as t z changes in Fig. 3(d) . One can find that T c has a significant drop as t z > µ/2 since the phase space for Cooper pairing shrinks. Our results show that the topological order is better observed (with a higher critical temperature) in the limit of small t z or higher density.
Density of distribution relates to Majorana surface modes
We have analytically shown that the topological order does appear exactly when the in-plane momentum is in the region between k M in and k M ax (see Eq. (10)). In general, Hamiltonian has the following form under Majorana bases,
In addition to count the winding number, the condition for non-trivial TO can be revealed as Z 2 index, which is Majorana number M [4] ,
Here
− µ − 2t z cos(k z ) and P f is the Pfaffian for antisymmetric matrix. When topology is non-trivial, M = −1, representing for existence of unpaired MFs in the edge surface, and ξ k at k z = 0 and k z = π/d must have different sign. In contrast, when M = 1, where is no TO in the system with the same sign of ξ k at k z = 0 and k z = π/d. When k z = 0 or k z = π/d the gap is closing, the number equation becomes
at zero temperature. When ξ k has positive sign, n k = 1. But when ξ k has negative sign, n k = 0. Therefore, the condition of majorana surface modes is given
− µ| ≤ 2t z , and measured by the discontinuity of n k in the momentum space. 
Experimental Related Issues
For realistic experimental parameters, we may consider non-reactive polar molecules, 23 Na 40 K [25] with a maximum electric dipole moment 2.7 Debye, as an example, We can load them into a 1D optical lattice with an interlayer distance d ∼ 0.25 µm with an in-plane density n ∼ 10 9 cm −2 . We then have k F d ∼ 2.8 and Fermi energy E F ∼ 477 nK, where the critical temperature T c ∼ 41 nK as t z < µ/2 (the dipole moment is partially polarized to be D = 0.81 Debye). All these parameters are within current experimental conditions, showing that the p-wave superfluidity as well as the unpaired MFs should be experimentally realizable.
When a harmonic trapping potential is included, the MFs still exist due to the time-reversal symmetry as discussed above. We can estimate the parameter regime by applying the local density approximation, i.e. the condition for a TO becomes |µ − mω 2 r 2 /2 − k 2 /2m| < 2t z , where ω is the tapping frequency. As a result, After integrating the phase space, the ratio of unpaired MFs to the average number of fermions in the middle layer is η trap = 4tzµ−2t 2 z µ 2 +2t 2 z for 2t z < µ and η trap = 1 for 2t z > µ. Furthermore, above condition suggest that MFs of certain in-plane kinetic energy (say, k 2 /2m = µ) have to be from certain positions, |r| < 2 t z /mω 2 . This information should help the experimental identification of these MFs. For experimental measurement, there has been many proposals to measure MFs (see for example, [59] ). The simplest way is by observing the long-distance correlation between MFs in the two ending layers, which should have a much shorter period in the momentum space (i.e. long time approximation of the time-of-flight experiments), ∝ cos(k z Ld). Here Ld is the distance between the top and bottom layers. Besides, the regime to find such interference pattern, k M in < |k | < k M ax (see Fig. 3(b) ), depends on inter-layer tunneling amplitude. We emphasize that such measurement for 1D model suffers a serious noise-to-signal ratio [59] , since only "one" mode at each end. In our multi-layer system, unpaired MFs are macroscopically degenerate and makes the measurement much more promising. Finally, one can also use spatial dependent RF spectroscopy to measure the localized MFs, as discussed in Ref. [59] .
Finally, we address the interaction effects between these Majorana surface modes. First of all, in the system discussed throughout this paper, the fermionic polar molecules are actually in a "dilute" limit, where the intra-layer repulsion is relatively weaker than their in-plane kinetic energy. As a result, it is well-justified to apply Landau-Fermi liquid theory in each 2D layer before the inter-layer pairing is introduced. Within this approach, the intra-layer repulsion just renormalized the effective mass and Fermi velocity etc. as Landau's quasi-particles, which are paired in the bulk and have Majorana quasi-particles in the surface layer when the condition of Eq. (10) is satisfied.
When in the dense limit, however, the intra-layer repulsion between polar molecule may be comparable to the kinetic energy and therefore may not be treated by meanfield approximation (but this is not the case studied in this paper so far). In such a parameter regime, polar molecules are almost "frozen" in the 2D plane by their strong repulsion in a triangular lattice, and therefore the system then becomes similar to a planar array of 1D Kitaev chains in real space. Fidkowski and Kitaev have shown [60, 61] that the non-interacting BDI class with Z topological invariance shall be broken to Z 8 when a short ranged four-point interaction is included.
However, we note that even in such dense limit, the long-ranged nature of dipolar interaction also makes the system different from the short-ranged case studied by Fidkowski and Kitaev. In fact, to the best of our knowledge, fermionic SPT phases are not totally understood yet in 3D space, although it is argued that there exists a bulk SPT and surface symmetry enriched TO anomaly matching in a 3D bosonic weak SPT phase [3] . The classification of 3D fermionic SPT beyond the meanfield level is beyond the scope of this paper, while it is be a very interesting and challenging subject for future study. But this should not qualitatively affect any conclusion of our present work, which is actually applied and justified in the dilute limit.
Conclusion
We propose that a novel topological state can be prepared and observed in a stack of 2D layers with fermionic polar molecules polarized to the normal direction. The associated quantum degenerate Majorana surface modes appear in the surface layers due to the 3D p-wave superfluidity, confirmed by the winding number, entanglement spectrum and entanglement entropy numerics. We also show the parameter regime to find MFs in the current experiments. Our work paves the way for future investigation of the many-body physics with non-Abelian statistics under time-reversal symmetry. , we first note that the definition of Majorana fermions (MFs) in real space is different from that in momentum space. For a general fermionic field operator C(x) in position x, its relation with MF operator, Γ(x), are following:
Therefore, by doing Fourier Transformation, the Majorana operators in momentum space can be given
We note that now the MF operator Γ 1/2,k are composed by Dirac fermionic operator and its anti-particles in the momentum k and −k respectively. This indicates that the two Kitaev ladder in our systems are originally from the same representation of MF operators.
Similarly, the last four terms in [ ] is given by 1 4 (γ
Now using the the anti-commutation relations,{γ
, we can obtain the Hamiltonian with special case ∆ k = t z ,
The Hamiltonian in Dirac fermion basis
We note that the above Hamiltonian can be mapped to to Dirac fermion by defining a k ,j ≡ γ
Therefore, it is easy to see that we missed unpaired MFs γ (1) ±k ,1 in the bottom layer (j = 1) and γ (2) ±k ,L in the top layer (j = L).
Appendix B. BDI class and Winding number
In order to specify the TO, we have to check the symmetry first.
(B.1)
Where T , C, and S are the anti-unitary time reversal symmetry (complex conjugate for spinless model), particle-hole symmetry and chiral symmetry (product of T and C). It belongs to BDI class and topological phases is characterized by the Z index. This topological state is protected by chiral symmetry.
The BdG Hamiltonian can be unitary transformed to off-diagonal form,
. Then, the corresponding Q-matrix can be given,
The relevant space is the U(N) unitary group. q k is a mapping from z-direction BZ to U(N), which topologically classified by first homotopy group, Π 1 [U (N )] = Z, characterized by the winding number W, see Ref( [2] ). The winding number can be calculated as following:
Changing the variables z = e ikz and let
, and J ± = J 1 ± J 2 ,
Four poles of the function are
respectively. It can be shown that Z 3,4 = 1/Z 1,2 . By Cauchy's residue theorem, the winding number and the phase boundary can be determined. There are three different situations: 
where consistent with the closing gap topological transition. Finally, we can solve the topological non-trivial conditions for A and B situations:
Appendix C. Ratio of unpaired Majorana fermions in the surface layers to the average total number of fermions in the middle layers
To estimate the number of unpaired MFs in a translationally invariant 2D layer system, we first calculate the average number of states in each layer (and hence also in the top and bottom layer respectively), since it is not a fix number due to the presence of interlayer tunneling. We can first calculate the total number of states by assuming the gap function is so small compared to the Fermi energy that the Fermi sea is almost identical to the noninteracting one. As a result, the average number of states occupied in a 2D layer can be estimated as following: where Ω stands for the 2D area, and we have integrating out the in-plane degree of freedom first to have the last line. It is easy to show this result is identical to a 2D system with total chemical potential, µ = k In other words, we can present the "effectively" 2D Fermi sphere as the one shown in Fig. C1(a) . However, not all these states support unpaired MFs, unless it satisfies the following condition (see Eq. (6) of the main text):
To calculate the total number of states, which satisfies Eq. (C.2), can be calculated to be (assuming 2t z < µ first)
where E K ≡ k 2 /2m. θ(x) = 1 for x > 0 and 0 else is the Heaviside function. As a result, the ratio of number of MFs in the surface layers to the average number of fermions in the middle layers is given by
for 2t z < µ. When 2t z > µ, all Kitaev ladder can support unpaired MFs and hence the occupation ratio η = 1. As a result, we have η = Min(1, 2t z )/µ for a 2D system with in-plane translational invariance. When considering the presence of a harmonic trapping potential in a realistic experiment, although the translational symmetry is broken, but the unpaired MFs proposed in this paper still exist due to the conservation of time-reversal symmetry.
The available parameter regime for finding these unpaired MFs may be changed due to the in-homogenous density distribution, but can be estimated by using local density (i.e. semi-classical) approximation, i.e. µ(r) ≡ µ − mω 2 r 2 /2, where ω is the tapping frequency. Again, we first calculate the average number of states occupied in each layer from the semi-classical approximation:
